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Abstract—We propose an adaptive output-feedback con-
troller for a general class of nonlinear triangular (strict-

feedback-like) systems. The design is based on our recent results tions of z;,

on a dual high-gain observer and controller architecture with
a dynamic scaling. The technigue provides strong robustness
properties and allows the system class to contain unknown func-
tions dependent on all states and involving unknown parameters
(with no magnitude bounds required). Unlike our earlier result
on this problem where a time-varying design of the high-gain
scaling parameter was utilized, the technique proposed here
achieves an autonomous dynamic controller by introducing a
novel design of the observer, the scaling parameter, and the
adaptation parameter. This provides a time-invariant dynamic
output-feedback controller for the benchmark open problem
proposed in our earlier work with no magnitude bounds or
sign information on the unknown parameter being necessary.

I. INTRODUCTION
We consider the class of systems:

o= Qi(®1, . T) P (T)Tipr, i =1, ,n— 1
Tp = Pn(®1,. ., 2n) + po(T1)u

y = 1 1)
wheré z = [z1,...,7,]7 € R" is the statey € R the
output, andu € R the input. ¢(;;41) : R — R,i =
I,...,n —1,and yo : R — R are known continuous
functions of their argumentsp; : R* — R,i = 1,...,n,

are uncertain continuous functidnghich can contain both

designed for systems of form (1) with;; 1) = 1,i =
1,...,n—1, and with¢;,i = 1,...,n, being known func-
..., x; incrementally linear in unmeasured states
in the sense thatg;(z1,...,2;) — ¢i(x1,Z2,...,3;)] <
I(z1) Y %o |#; — 2] with I'(21) being a known function.

A dual high-gain observer/controller design approach was
introduced in [6,7] based on the solution of a pair of coupled
Lyapunov inequalities which were shown to be always solv-
able under a cascading dominance assumption on the upper
diagonal termsp; ;1) [9,7] which is closely linked to the
Cascading Upper Diagonal Dominance (CUDD) condition
introduced in [10]. In [7], the functions;,i = 1, ..., n, were
allowed to contain functional and parametric uncertaintie
coupled with all the states. It was seen that a complexity
of bounds on the uncertain termg does not result in
complexity of the controller, observer, or Lyapunov fuoatj
but is instead handled through the dynamics of the high-
gain scaling. However, [7] required a magnitude bound on
the uncertain parameters in the system. The requirement of
a magnitude bound on unknown parameters was removed in
[11] using a time-varying dynamics of the high-gain scaling
parameter with the basic idea being to asymptotically (as
o) guarantee sufficient gain to dominate the unknown pa-
rameters while retaining closed-loop stability. This pded
the first output-feedback globally asymptotically statiilg

functional and parametric uncertainties. The bounds asdumsolution to the following benchmark open problem proposed
on ¢;,i = 1,...,n, (Assumption A2) allow cross-products In our earlier papers [12,7]

of unknown parameters and unmeasured states with no mag-
nitude bound or sign information on the unknown parameters.
being required. While earlier control design techniquessuc

as the classical high-gain designs [1-4] and backstepping

cannot handle cross-products of unknown parameters a
unmeasured states, the dynamic scaling-based dual hi
gain observer/controller design approach developed in 0
recent papers [6,7] provides a flexible framework which caﬁ

accomodate such cross-products.

High gain as a technique for controller and observ
designs has been investigated extensively in the litezatur,
The well-known adaptive high-gain controller given in its

basic form byu = —ry, = y? is applicable to minimum-
phase systems with relative-degree one [1,4]. Static bajh-

scaling based observers [2,3] which introduce observersgai
r,...,r™ with a constant provide semiglobal solutions. In
[8], a high-gain observer and a backstepping controllelewe
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1The set of real numbers-oo, 00), the set of nonnegative real numbers

er

)

Wwith « being the input,y = x; the output, andd, an

. . 2
Ty = X3 ; Tp=x3 ; I3 =u-+bwiw3

ncertain parameter of unknown sign and with no available
gnitude bounds. System (2) is of a very simple form with
‘'single nonlinearity and a single unknown parameter. If
py of the components @223 are dropped, the solution
an be obtained using available techniquegiylis known,
3] and [9] provide controllers of dynamic ordeysand 3,
respectively. Ifz? is removed, the system is linear. 4f is
emoved, the system is in standard output-feedback caalonic
form [14,5]. If a magnitude bound o#, is available, a
solution is provided by [7]. However, witld, completely
unknown, no output-feedback control design techniquerprio
to [11] can globally asymptotically stabilize the system.

A time-invariant dynamic controller based on a factoriza-
Ition of the scaling parameter into two dynamic scaling
parameters as = LM was recently introduced in [15]
for a subclass of systems of form (1) with all the upper
diagonal termsp; ;41y,% = 1,...,n — 1, required to be
identically equal tol and with the output dependence of
the unknown functionsp;,i = 1,...,n, required to be

[0,00), and the set of reak-dimensional column vectors are denoted bypolynomially bounded. In this paper, we develop our control

R, RT, andR*, respectively.

2The functions$;, i = 1, ..., n, can be time-varying and can depend on

all the states and the input. However, they are shown in (bntp depend
on subsets of the state to emphasize the triangular struofutiee state
dependence of the bounds to be introduced in Assumption A2.

design technique of [11] further and show that the time
varying component of the scaling parameter dynamics can be
eliminatedwithout requiring the restrictions op; ;41,7 =
1,...,n—1,and¢;,i = 1,...,n, introduced in [15]. The



main design highlights include a novel design of the observavhere

featuring aZ term and a new form of the dynamics of [ -1 ¢u2 0 0

the adaptation parameter and the scaling parameter incor- —92 0 b@3 0O

porating an appropriate dependence on the observer error 4, — : . (9)

of the first state. The proposed design technique provides ' '

an autonomous dynamic controller for systems of form (1) T Yn—1 P(n—1.m)

with the full generality of [11] in terms of assumptions on L ~n 0 0

system terms. The required assumptions and the statement of [0 9@s 0 0

the main result of the paper are provided in Section Il. The 0 0 ¢@g O

observer and controller designs are presented in Section Il 4, = : . (10)

and the stability analysis is contained in Section IV. The 0 ' é

design for system (2) is illustrated in Section V. Extension 1 3 ("*kl’")

of the design to systems with ISS appended dynamics and -T2 TR e T

inverse dynamics is briefly outlined in Section VI. ¢ = [1,0,...,0] (11)
Il. ASSUMPTIONS ANDSTATEMENT OF MAIN RESULT D, = diag1,1,2,3,...,n—1) (12)

Assumption Al: System (1) is observable and controllable, D, = diag1,2,3 n—1), (13)

i.e., a constant > 0 exists such that for alt; € R
PG 41y (T1)] 2 0, 1<i <n—1; |/~L0($15\ > 0. (3) I, denotes an identity matrix of dimensioh x &, and

Assumption A2: A continuous function' : R — Rt is diagay,...,ax) denotes thé x k diagonal matrix with the
known such that _ it" diagonal element being,.

- . Furthermore, by Theorem Al in [7hi(x1),...,gn(21)

[bi(@1,.. @) < O (2 Z lzjl, 1<i=n (4 canpe picked to be linear constant-coefficient combination

for all € R™ with § > 0 being an unknown parameter Of ¢(1,2)(%1),- -, d@m-1,n)(x1). Hence, using Assumption
(with no knowledge of magnitude bounds required). A3, a positive constant’ exists such that/> i, g7 (x1) <
Assumption A3: Positive constants; andp_ exist such that Gloa 2)(x1)].
forall z; e R Theorem 1: Under Assumptions A1-A3, positive constants

PG+ (@)l = Pildi-10(@1),i=2,...,n=1(5) andband continuous functions: R? — R, ©; : R — R,
Peairn (@) < ploiry(@)i=2,...,n=1.(6) ©2:R* =R y:R*=R", g;: R—>R,i=1....n,
andk; : R — R,i = 2,...,n can be chosen such that all
Remark 1: Assumptions A1-A3 are weaker than the Se§o|ut|on trajectories of the closed loop system formedHay t
of assumptions required in both [11] and [15]. In [11], thedynamic controller given by
unknown functionsg; were required to satisfy the bouhd T = P(1,2)(x1)2 — ;(xl—xl)—rgl(xl)[@l—fl]
5] < [To(z1) + 0T (21)] Y5y ;| with Ty (1) required & = ¢(i7¢+1)(371)i‘i+1 (14)
to be O[s] around the origin, i.e.I'i(z1) < |z1|T;(x1). —r'gi(@1)[r —x] , i=2,...,n—1
In [15], ['(x1) was requwed to be polynomially bounded, Zn = fo(z1)u — 1"gy(21)[E1 — 1]
i.e., ['(z1) < po + p1|z1|* with pg, p1, andk being positive

constants. Furthermore, in [15], it was required that these _ k 15
b(ii+1),t = 1,...,n—1, must all be identically equal to 1. wo= _% Z (@1)n (15)
Remark 2: Assumpﬂon A3 requires ratios of the “upper- =2

diagonal” terms¢; ;1) to be bounded. The condition (5) o @at((x,0) @y 3 16
requires the upper-diagonal terms closer to the input to be "2~ . M= ors 1=3..,m (16)
larger (in a nonlinear function sense) while condition (6)  ; — [_q(r — 1)+ by(zy,41,0)] ; r(0) > 1 (17)
requires the upper-diagonal terms closer to the output to be . .

larger. The conditions (5) and (6) constitute the cascading ¢ = ©1(z1)zi+02(z1,7)(d1—21)?; 6(0)>0,(18)

dominance assumptions [10] in the controller context and . . I
observer context, respectively, and are related to uniforff] €10S€d 100p with system (1) starting from any initial con-
solvability of coupled Lyapunov inequalities [9,7] whichea ition (z(0), £(0), T(P%ﬁ(o)) € R" X R"™ x[1,00) x (0, 00)

instrumental in the design of controller and observer gains W ered = [i1,. 7:1/'77,]. havg the f°”°Wif‘9 pr.operties:
a dual dynamic high-gain design. Using Theorems Al and « Solution trajectories exist on the time intervial co)
A2 in [7], the conditions onp; ;41 in Assumptions Al and and all closed-loop signals are bounded|[@o).
A3 are necessary and sufficient for the existence of funstion , The statesry, ..., ,, the observer errors; = & —
91(21) - -, gn(@1), k2(21), . . ., kn(21), SYymmetric positive- z;,i =1,...,n, and the control input. asymptotically
definite matricesP, and Pp, and positive constants,, 7, converge t0 2610 a— co.
V,, Ve, uc, andv, to satls for allzy e R
PyAo(af + AL (21) Py < —Vo|P(1,2)(x 1)| @) 1. OBSERVER ANDCONTROLLER
Vol < Po(Dy — 1) + (Do — A1,)Py <7 : o
2 2 Observer: A full-order observer for system (1) is given by
P.A.(x1) + AT( 1)P. < uc|¢ 2,3) (2 1)| ®8) (14) wherer is the dynamic high-gain scaling parameter and
vl 1 <Pe(De—51—1)+(De _1)P. g1, - - -, gn are functions chosen as in Remark 2. The observer
errorse; and scaled observer erragsare defined as
3For notational convenience, we drop the arguments of funstishen A . € <i< 9
no confusion will result. € = T —Ti ; € = , 1< <n. (29)

ri—l



From (19),¢; = e;. The dynamics of the scaled observern as can be seen from (17) and (18), bounds on various terms

error vectore = [ey, ..., €,]T are given by appearing in (28) and (29) can be obtained as follows:
. . N T = 2 2
¢ = rAge—-Dye—3 (20) ore Fo® < 3r)\mam(Po)n6‘1"{|e| Il ]
T ~
_ _ _ _ : F A2 (P14 (1+6)|C1[]2n62T 22
o = [B,...,9,])", &= (.bzl (21) B2 (Fo)l1+( il i
" P2 oo 2
where A, and D, are defined in (9) and (12), respectively. 7x1 + *r 9(1,2)lle e’
The term——el introduced in the dynamics of; in (14) 4 9 -
contributes a value of 1 to thél, 1) element of D, thus U )‘max( P,)0°I?x] (30)
ensuring the positive-definiteness of the matiX, — 5 17,,). 5 T 9
This is crucial to the solvability of the second Lyapunov —2r7n" PeGaey < *7“ %l 2,311
inequality in (7). PPN
Controller: The control law is given by (15) where the con- 2/\,Q,WC( )G 2L 2 (31)
troller gain functionsks, ..., k, are chosen as in Remark 2 VC ‘?(23)'
andns,...,n, are given by (16). The design functighis 2rnT P,H (n2—€2) < 2rAmae(P.)(140)
picked to be of theAform ) \C{m + Gz IIn|?
1,0 1+0)x x 22 .
¢(r1,0) ( )z1C1 (1) (22) +7TA$nar( P14 )
with ¢; being a continuously differentiable function add 9
a parameter estimator. The signajs i = 2,...,n, are lel +GPloaa |
scaled observer estimates of the statesvith an additional +%T2|¢(1 2)|6§ (32)
design freedom( incorporated inton;. The dynamics of 4 ' 3 )
- T N
n= [7727 e 77771} are 27'77TPCE S 621,% @r)\gnar( c) |:9 <12
n = 1rAm— —Dn—1rGaer + H(na — €2) + E(23)

L+ 0" (e + ) CER

with A. and D, defmed in (10) and (13), respectively, and R
( ) ( ) p Y _,’_(1 _’_0)2«»{1,1 +C1)292F2:| |n|2 (33)

G2 = [927 e 7gn]T (24)
A T < (10I'z? 34
H = {(1+9){G$1+C1}¢(1,2)707~-~70} (25) Aoy < 61 le . e g )
T Brz1¢ ) [rne—re] < 7" o 2,3)\772 + TT lp1,2)l€2
E = — |0z + (14+0) e +G qS
" [ { } ﬁl @2 1 + ‘¢(1 2)|x1 (35)
|

T Ve |¢ 2,3)
A where 35, (33, and ¢ are deS|gn parameters which will be
X{¢1 - (1 +0)§1x1¢(1,2)},0,...,01 (26) picked to be positive constants and,,..(P) denotes the

. S maximum eigenvalue of a symmetric positive-definite matrix
where (; (z1) denotes the partial derivative evaluatedrat p g y P

of (; with respect to its argument. Closed-loop stability is analyzed using the Lyapunov func-

tion

V. STABILITY ANALYSIS AND PROOF OFTHEOREM 1 V o= VoV, = ereTPoe + TP + &371 (36)
To analyze closed-loop stability, the observer and con-
troller Lyapunov functions are defined as Using (7), (8), and (28)- (35) and pickingo be any positive
. . B, @) constant such that > > p A2 (P )G
V, = relPye , V. = rmtP.n+ =2a? 27 . Vo
Ty Vo< =2 bnp e = Tr%o s I~ Aiaida.z¢
where 3; is a positive constant free to be picked by the 0* 2
designer. Differentiating/, and V. and using (20) and (23), qu(ml) * qQ(?)] ! 1
—creT [PO(DD — 51) + (D, 5In)Po]e
V, = r2'[P,A, + ATP,Je—2re' P,® o 1 1
1 1 —rn [Pc(Dc - ifn—l) + (D. — §In71)Pc}'I]
—rel {PO(DO - §In) + (D, — 2I,L)Po} e (28) . .
+r{wi(w1,0,0) + 0" wa (w1, O)]{le]* + 0"} (37)

VC = 2T PCAC ATPC
rnt | + Ag Peln where§* fmax{l 6+ 6} and

1 1
—7 T |:Pc Dc - 7-[77,7 + -Dc - 7‘[774* PC:| ¢
0" | Pe(De = 5Ina) + (De = 5Lo1)Pe| 1 a(ar) = 260+ L \<z>(12 2 Hloanl  @8)
—2r°n" P.Gaey + 2rn" P.H(n2—€2)+2rn" P.E (22 3 :
01211 + (rne—rea—C)d1,2)]- (29) q@2(r1) = Bl + -~ Amaz(P )y (39)

Using Assumption A2 and the propertieg) > 1 andd(t) > wi(z1,0,0) = 2)\ma$( )(1 +0)¢1zr + Gllo |



A?,LQI(PC)(1+é)2|C{x1+C1|2|¢>(1,2)| by the assumptions on the functions and ¢; ;1. Let
the maximal interval of existence of solutions Bgty).

L2 /\2 (P )[ézgz The proof of Theorem 1 utilizes Lemmas 1-4 to infer that
By~ AT ! ty = oo (i.e., solutions exist for all time) and that in the
limit as ¢ — oo, the statesey,...,x,, the observer errors
/ 2,2 42 ’ 1 s Lny
+H(1+0) (G + ) Cl(b(lv?)} (40) e1,...,en, and the control input: converge to zero. The
wo(z1,0) = 3(/\mw(p ynl* proofs of Lemmas 1-4 are given in the Appendix.
22 ) . ) Lemma 1: If sup,¢jo,,) V(t) < oo andsup,cpo,,) 0(t) <
ﬂz Arnaz (Po)nI=[1 4 (1 + 0)[C1]] oo, thensup, (g, r(t) < occ.
Lemma 2' If sup 6(t) > 0, thent; = oo,
2 / 2712 te[Ot ) -
+/8 )\max( )(1+9) (Clxl + Cl) . (41) hmf—>oo — 0 fo t dt < 0, andsupte[ )o(t) <
Q.
Pickingb to be an arbitrary positive constant, choese 0 Lemma 3: If supte 0. tf é( t) < 6, then SUPsefo,e,) V(E) <
small enough to ensure that 0, andf LVt
g 2% . x 0 ~ —
maX(*i4 T acvo, === +tave) = —a” <0, (42)  Lemma 4: If SuptE[O,tf)e(t) < ¢, thenty = oo and

and choose; (z1) such that limy 0o V() =0
=316 (x1)da,2)(x1)+q1(w1)+q2(x1) < —({(x1)(43) Proof of Theorem 1: With the maximal interval of existence

with ¢+ being a positive function of1 bounded below by a of solutions denoted blp, t;), one of the following possibil-
positive constant™. The parameter estimator dynamics arétles should hold: Cassl;: sup,cjo ) 0(t) < 0; Cased,:
chosen as shown in (18) with Supyefo.,) 0(t) > 0. If Case A, holds, then Lemma 2
O1(z1) = —qo(1) , Oolwr,r) = ir%g (44) guarantees thaty = oo. On the other hand, under Case
n 5o 2\ B2 By T2 Ay, Lemma 4 implies that; = oo. Hence, the possibility
wherey > 0 is a design parameter. Note that the parametef finite escape time is ruled out, i.é; = co. Furthermore,
estlmatee( ) with dynamics (18) is a monotonically nonde-from Lemmas 2-4, it is seen thatip,cp, ) V(t) < oo,

creasing function of time. The design functienis picked fo t)dt < oo, SUDy (0, 00) é(t) < 0o, andlim; o, V(¢) =
to be . 1 0. As shown in the proofs of Lemmas 1 and 2, the bound-
Y(x1,81,0) = edness of all closed-loop signals on the time |nte(0ad>o)

bmin(cv,,v,)

follows from the boundedness 6ft), V (t), andf(;S V(r)dr
5 9 . 9 ont € [0,00). The asymptotic convergence bf(¢) to zero

X [wl (xl’ 0,01(21)21+Oa(21,7)(21 —21) ) ast — oo implies the asymptotic convergence of the system
stateszxq,...,x,, the observer states,,...,z,, and the

1, - 9 - control inputu to zero asg — oo, thus completing the proof
+Ew2($1,9)(1+l1)+9+54 (45)  of Theorem 1o

with 34 being a design parameter which can be picked to be v, SoLuTION TO THE BENCHMARK PROBLEM [12,7]
ana/ positive constant. Using (17), (42), (43) and (45), (37) The system (2) belongs to the class of systems (1) with
reucesto n =3 ¢ = ¢pa = 0, ¢3 = Opzias, and ¢(12) =
V< —atr?[[el+[nl?] = 23¢T (21) + (07 —0)ga(w1) 2] b3 = po = 1. It is easily seen tﬁat Assumpti’o)ns Al-
. LY 25 A3 are satisfied witv = 1, T'(z1) = 22, § = |6,|, and
+T{9 ws(w1,0) Bs 2 (w1,6)(+27) -0 ﬁ“} Py =p,=1. The |nequal|t|es (7) and (8) are satisfied with
X[|€|2+|Tl\2]- (46) g1—6g2—13g3—5 k2—29k‘3—36 1/0—1
. = 5.6608, v, = 5.9897, v, = 0.017912, v, = 7.5428,
The parameter estimation error is defined to béd — ) with Zc = 2.3572, and

92 max{6*, %26**}. Note thatf > 1 sinced* was defined 1.6233 0.5 —0.54795
as max{1,0 4 62}. A new Lyapunov function is defined Py, = —0.5  0.54795  —05 (49)
including a quadratic of the parameter estimation e(r@efé)) —0.54795  —0.5 1.8575
as 6.6 1
_ P = . 50
Vo= V2o @7 ] 0

The design procedure in Sections lll and IV yields the

Using (44) and (426) 9 ok following dynamic output-feedback controller
vV < r2[lel + [[n]?) = 21¢ (1) i . 7:(5: o) — 6o — 1)
1 = T2— —T1—T1)— 1— 2
(9 - ‘9)7” ¢(1,2) (21— xl}Q ) r
N “ 1 9 " 9 “ i’g = f3—137“2((i'1—1'1)
+7"{9 wZ(xlae)ﬁ:))MQ(xlag)(1+m1)eﬁ4} %3 — u_35,r3(i,1_x1)
x[|el® + nl]. (48) w o= —r?(2.0m + 3.6m)
B4 07140 #g
Closed-loop stability is proved through a sequence of " r > 3 r2

lemmas below. Local existence of solutions is guaranteedy(zy,1,6) 0.1439(1 + 0) + 0.00029(1 + 6)?



o 22
+0.0058(14-0)*+0.00860 +0.14392:%
+0.143925 (1 + 6)* 4 0.02878

r = r[—0.0396(r — 1) + v(z1, 21, 0)]

0 = 0122 +r%(d; — )2

(51)

[Tsy1,...,2,])T is the state of the inverse dynamics. The
appended dynamics are driven by all the system states
with a triangular structure of ISS interconnections, i#.,

is allowed to have nonzero nonlinear gains from states
x1,...,x;. The uncertain functiong; are required to be
bounded by the product of an uncertain paramétera

which guarantees boundedness of all closed-loop signals oanlinear functionT'(z;), and a linear combination of
the time interval[0, 0o) and asymptotic convergence of the|z1|, ..., |z, |2, ..., |2, and a nonlinear function gt |.

signals z1, x2, 3, 1, 42,23, and u to zero ast — oo.
Simulation results with the initial conditions; = z, =

r3 =1,21 =1,3, =33 = 0,60 = 0.2, andr = 5 are
shown in Figure 1 for system (2) witty, = 2.
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The inverse dynamics subsystem is assumed to be ISS with
nonzero nonlinear gains from;, ...z, 21, ..., 2s. While
previous techniques [17] required ISS dynamics and inverse
dynamics to be driven only by, [7] provided a method
using the dynamic high-gain scaling approach to handle ISS
appended dynamics and inverse dynamics driven by all the
system states. The design in [7] utilized dynamics of the
high-gain scaling parameter of the form= A(R(z1, 6,6)—
rQ(r,z1,0,0) with R, \, and Q being suitably chosen
functions. The Lyapunov function in [7] incorporates appro
priately scaled versions of the ISS Lyapunov functions of
the inverse dynamics and the appended dynamics. By using
the techniques in [7] and the design of the observer, the
high-gain scaling parameter dynamics, and the adaptation
parameter dynamics in this paper, the proposed controller
can be extended to obtain global output-feedback resuits fo
(52). The details are omitted here for brevity.

APPENDIX: PROOFS OFLEMMAS 1-4

Proof of Lemma 1: The boundedness df (t) implies the
boundedness af; andz;. The boundedness of;, 21, andd
implies the boundedness ofx1, %1, 6). From the dynamics
(17), the boundedness @{¢) on any time intervall0,7’)
follows from the boundedness o/f(:cl,ﬁl,é) on the same
time interval[0,T). ¢
Proof of Lemma 2: From the dynamics of given in (18)
and (44), it is seen thak(t) is monotonically nondecreasing.
Hence, ifsup, ¢, () > 0, then a timeT € [0, t;) exists
such that)(¢) > 6 for all ¢ € [T, t¢). Hence, using (46) and
the inequalities) > ¢*, 8 > %:9*°, and

0wy < %9 + L2, (53)

3

we obtain, for allt € [T, y),

Fig. 1. Simulation results for system (2) witlh = 2. . "
Vo< —a'r?lel? + |nf?] — 21 (@) (54)
VI. EXTENSION TOSYSTEMS WITHISS APPENDED = v (59)
DYNAMICS where *
By combining the high-gain scaling dynamics design B . a* a* 2¢] 56
technique in this paper with the technique for handling ISS Xy = n (C)\maw(Po), Amaz (Pe) ﬁ) (56)

appended dynamics driven by all states in [7], the proposegence, V' (¢) is bounded on the time interva, ;). Also,
results can be extended to the more general class of systeffegrating both sides of (54) and (55), it is seen that

Z;

T;

& =

y =
where z;

gi(z,z,t) ,i=1,....,n
Gi(t, 2,2, u) + G ip1) (T1)Tiva
+i(z,2,t) , i=1,...,8—1

Gi(t, 2, 2,u) 4+ (iip1) (T1)Tig1 + pris(21)u

+i(z,x,t) , i=358,...,n
Z1

(52)

pended Input-to-State Stable (ISS) dynamics[16] anet

T

[21,...,2

" n

IS V(rydr, [7 a3(r)dr, and [)7 r?(r)e3(r)dr are fi-
nite. Noting thatT" and ¢(; 2y are continuous functions,
Jy" (e (m)ad(r)dr and [T r(1)¢7, o) (@1 (1)t (r)dr

are also finite. Hencé)(t) which is governed by the dynam-
ics given in (18) and (44) is bounded on the time interval
[0,tf). From Lemma 1, the boundednessr¢f) on [0,¢¢) is
inferred from the boundedness Bf(t) andd(t). Therefore,
all closed-loop states are bounded[0st ;). This contradicts

€ R"= are the (unmeasurable) states of apthe possibility that; is finite. Furthermore, from (55), it is

seen that ift; = oo, thenV () asymptotically converges to

|T. s is the relative degree of the system andzero ast — oco. ¢



Proof of Lemma 3: Consider the Lyapunov functions
V, = ré'Pye, P, = 0T(0)P,T(0)

‘N/:

(67)

ﬁlg

Vo +V, = cre' Poe+rn" P+ PRl (58)

where§ = max{0, 2262} and T(6) is a diagonal matrix

defined asT'(d) = diag(1, % SFEr s Frs ~L ). Using (7) and
(17), and noting that ~ B ~
TH)AT1H) = 6A,+[0I —T(H)GC
T(0)D,77'(0) = D,, (59)
we obtain
Ve, < —6%r VO|¢(12 |T(0)e|? + abr?T,|T(6)e|?
~0r(a+by)r,|T(O)e®
+20r2eTT(Q) P,[01,, — T(A)|GCT()e
—20reTT(0) P, T(0). (60)

Upper bounding terms in (60) using inequalities similar to
(30) and noting tha > (433¢/a*)6?, (60) can be simplified

to
V, < 9 Vol d(1,2)||T( 0)e|? + afr?v,|T(0)e|?

+r292—|T(§)e|2 — Or(a +by)v,|T(0)e|?
C

—2
+T29 7(1)(1 Q)Amam( O)G 6%

t5 Y Gra2,, (P)n?T2(T(0)e?
+3rAmaz (Po)nl| T2 (0 )77|2
+§A$W< P)n6T?[1 + (1 + 0)|G 12T (6)e]?
+@ 24 Aim(Po)a%%f (61)
CA Olg
where T(0) = diagi, £, ... , 7.o7)- Using (29), (31)-

(35), the definitions o% C andy in 142) (43), and (45),
respectively, and the inequalitiés< 62, €3 < 62|T(0)e|?,
and (6 0)<0 (WhICh is the hypothesis of Lemma 3)

V < [92|T( D)e|* + ] — 3¢ (1)
—0—7"292—91)(1 Q)Amx( PG e
< XV 4720 —¢12)Am< P)G'¢  (62)
where i o 2"
= (e By ) ©

Integrating both sides of (62) over any time interyal)
with ¢ < ty,

(1)~ V(0) < X/ V() 4 [ 20, (P

t
< [ty o) 64
The hypothesis of Lemma 3 states tifat< 6. From the
dyntamics off given in (18) and (44), this implies that
[ P06t @)@ < 500-00) < pud

Hence, .
V(t)—f/m)g—x/ V(T)drw*?
0

X2, (P,)GB4b (65)

max (

which implies that
V(t) < V(0 )+92 EX2LL(P,

Ve < Lo+

Notina that  _

)\min Po 7
min (17 )\((PQ)V <V < max (1,
the conclusion 6)2 Lemma 3 follows.
Proof of Lemma 4: As proved in Lemma 3, if
SUPc(o,¢,) 0(t) < 0, thenV (¢) and fo 7)dr are bounded
ont € [0,tf). As in the proof of Lemma 2 this implies the
boundedness of all closed-loop signals, thus contradgjctin
the possibility that s < co. Therefore, solutions exist for all
time andt; = oco. Hence, from Lemma 3up;c(g,o0y V() <

oo, and [;°V(t) < oo which, using Barbalat's Lemma,
implies thatlim;_,., V(t) = 0. ¢
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